Abstract. In this paper we prove the existence of nontrivial periodic solutions of the non coercive Hamiltonian system
Introduction
In this paper we deal with the Hamiltonian system
(H) Jx -u*A(t)u(x) + u*VG(t, u(x)) = 0
where u : R 2N -> R m , (1 < m < 2Ν) is a linear map, u φ 0, with adjoint u*\ A is a continuous T-periodic function from R into the space of symmetric (ra χ m)-matrices; G : M X R m -y R, (f, y) G(t,y) is a continuous function periodic in the first variable, differentiable with respect to the second variable and its derivative VG is continuous; and
is the standard symplectic matrix. The first result concerning the system (7ί) with superquadratic hamiltonian Η up to the author's knowledge, is due to Li-Willem [LW] , who proved that if u = Id and H satisfies some assumptions, then there exists at least one non-constant Τ -periodic solution. The same conclusion was also shown by Li-Szulkin [LS] if u = Id and A is a constant.
The main result of this paper is the following theorem: 
REMARK. Our result generalizes Theorem 8 in [LW] and Theorem 6.10 in [R] .
Preliminaries
We shall recall some basic results needed in the proof of Theorem 1.1. Let X be a real Banach space with a direct sum decomposition
Consider two sequences of subspaces
For every multi-index a = (αχ,0:2) G Ν 2 , we denote by Xa the space
xl^xl,·
Let us recall that a < β a\ < β\, a2 < β2 · A sequence (an) C N 2 is admissible if, for every a G N 2 there is m G Ν such that η > m an > a. For every function / : Χ -> R, we denote by fa the function / restricted to Xa.
The function / satisfies the (PS)* condition if every sequence (a;a") such that (an) is admissible and 
Then f has at least two critical points.
Proof of Theorem 1.1
Let Z 2 (5 1 ,R 2Ar ) be the space of square integrable functions defined on
has the Fourier expansion
where xm G Μ 2ΛΓ and Σηιβζ \xm\ 2 < oo. Let H% (S l We define on H^S 1 , R 2N )) the bilinear form τ
Q(x, y) = (χ, J y) + J [A(t)u(x).u(y)] dt
o where (.,.) is the duality pairing between H^S 1 ,®.™) and H'^S 1 , R 2N ).
Consider the subspace
and let X~ (resp.X + ) be the negative (resp.positive) space corresponding to the spectral decomposition of Q in X and X o = Ker Q. We have X = X + © X~ φ X o with dim X o < oo.
REMARK. Since ti / 0, there exist two constants m,M > 0 such that
We will apply the Linking Theorem to the functional
defined on the space X. Assumption (Gi) and property (3.1) imply that there are two constants αϊ, 6i >0 such that
where s = (ρ -l) -1 . Hence / G C 1 (X,R) and maps bounded sets into bounded sets [Ä] .
We begin with giving a relation between the T-periodic solutions of the system (Tí) and the critical points of the functional /. We need the following The function 
Now, we will prove that Jx(t) E (Keru) x a.e. The function χ is in
For any ζ E Ker u, we have almost everywhere
= x[t).z = X0-Z+ cos (^-mt\xm + î-m)^ + sin í^mt](J(xm -z_m)).z m> 1
since {1, cos(^-mt), sin( Y-mi)}m>i is a basis in X 2 (5' 1 ,R), then we deduce that On the other hand, since for each r E [l,oo[, the space X is compactly embedded in R 2JV ), the inequality (3.2) implies that u*VG (t,u(x) ) is in X 2^1 ,» 2^) . Then by (3.3), i is in I 2 (S\ K 2JV ) and by Riesz Representation Theorem we have
Take ζ E Ker u. For almost all t we have
From the assumption (6"ο) and the property (3.4), we have Jx(t).z = 0 a.e. and so Jx(t) E (Ker u^a.e.. It is easy to verify that -u*A(t)u(x) + u*VG (t,u(x) Finally, CLS X ·) X G X 2 (5 1 ,R 2Ar ), the function χ is continuous and then we deduce, from the equality (3.5), that χ is also continuous, so χ is continuously differentiable. The proof of Proposition 3.3 is complete.
So looking for T-periodic solutions of the system (Tí) is equivalent to the problem of finding critical points of the functional / in X.
In the three lemmas below, we shall show that / satisfies the hypotheses of the Linking Theorem. 
Ρ r o of. If 0 is not an eigenvalue of
-u*Au, we take X 1 = X + , X 2 = X". In this case X o = {0} and X -Χ 1 φ X 2 . The property (3.1) and the assumptions (Gì), (G2) imply that, for each e > 0, there exists a constant ce > 0 such that (t,u(x) )dt 0 satisfies the inequality ^^Mlla+CeMli.
and then ψ(χ) = ο(||ζ|| 2 ) as χ -> 0. It follows easily that / satisfies the local linking at 0. Now, if 0 is an eigenvalue of J-u*Au, we take
In the following, we will consider the case (3.7) G(t,y)< 0 for|2/|<¿, the other one being similar. By the inequality (3.6), we obtain that f(x) <-l\\x\\ 2 + e\\x\\ 2 + ce\\x\\ S
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on X 2 and hence, for r > 0 small enough,
Now, let a > 0 be such that Proof. Using (3.1) and integrating (G 3) we obtain the existence of constants Ü2,02 > 0 such that
Consider a sequence (xan) such that (a") is admissible and
We denote by Ck various positive constants independent of n. For η large enough, ((?ι),((?3) and (3.11) imply, with xan -xn, that
Moreover (3.10), (3.11) and (G3) imply that
Let q be the conjugate exponent of ρ and let xn = x+ + x~ + x°n be the decomposition of χ according to the spectral decomposition of Q in X. We obtain from (3.11) and (3.12) that, for η large enough τ (3.14) It follows from (3.13), (3.14) and (3.15) that (x n ) is bounded in X. Going if necessary to a subsequence, we can assume that x n -• • χ and χ° -> x° in X. Notice that where and a4 are positive constants. Since β > 2, it follows from (3.16) that f(x) -> -00 as ||a:|| -> 00.
All the assumptions of the Linking Theorem are satisfied, so / has at least two distinct critical points on X. By the Proposition 3.2, we deduce that the Hamiltonian system (Tí) has at least one nontrivial T-periodic solution.
